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ABSTRACT 
A steady, axisymmetric, quasi-radial, global model previously developed for stellar winds with embedded 
magnetic fields has been extended to include latitudinal gradient effects on the azimuthal velocity and mag- 
netic field. The linear results at large radii are presented for large-amplitude latitudinal variations in the radial 
magnetic field, mass loss rate, and radial velocity of the wind. The magnetohydrodynamic (MHD) equations 
predict meridional flows that develop naturally from internal magnetic stresses. The flows open flux tubes in 
the star’s equatorial plane, redistributing mass and magnetic flux as a function of stellar latitude. The plasma 
spins up to conserve angular momentum in fields and plasma. The results are generally applicable to stellar 
winds (including radiatively driven winds), provided that the internal structure is not dominated by rotation. 
The asymptotic solutions do not explicitly depend on the form of the energy equation, although the assumed 
0(1) state which drives these solutions depends on the deposition of energy and momentum throughout the 
wind. 
Subject headings : stars : winds — Sun : solar wind 
I. INTRODUCTION 
The nature of the solar wind in the outer solar system has been the subject of much theoretical work as well as observation and 
data analysis. Steady, axisymmetric, global modeling predicts an equatorial divergence of the wind for distances large compared 
with the Alfvén radius (Winge and Coleman 1974; Suess and Nerney 1973; Nerney and Suess 1975a hereafter Paper I). In 
magnetohydrodynamic (MHD) theory, the divergence is formally related to the latitudinal gradient in the azimuthal magnetic 
pressure. The spiraling of the interplanetary magnetic field is greatest in the equatorial plane, so that the plasma naturally diverges 
from the plane to relieve the magnetic stress. Fully nonlinear, three-dimensional numerical models corroborate the linear mathe- 
matical modeling in Paper I (Pizzo 1982), and comet tail data show that a negative meridional velocity (an equatorial divergence), 
constant with heliocentric radius and varying as sin 20 (colatitude) is present in the analysis of aberration angles (Brandt, Harring- 
ton, and Roosen 1973). While sin 26 was the only functional form which strongly reduced the residuals, the average value of vd still 
had a large spread about the mean: i;0 = ( —2.6 ± 1.2) sin 20 (km s
-1). 
A much longer data base is now available which allows separation of temporal from spatial effects. These data are from the large 
number of spacecraft at varying distances in the solar system, together with a time coverage that allows the subtraction of some 
solar cycle effects. The best parameter to study is the azimuthal component of the interplanetary magnetic field, . This is because 
it dominates the magnetic field structure at large distances and is least affected by fluctuations (Thomas and Smith 1980; Burlaga et 
al 1982). In particular, Slavin, Smith, and Thomas (1984) find that the spatial gradient of is proportional to r
_112±0 06 for 
1 AU < r < 12 AU. This was derived from observations of Pioneer 10 and Pioneer 11, and of I SEE 3, and supports our earlier 
modeling efforts, although stream dynamics might also explain these results. Thomas, Slavin, and Smith (1983) further examined 
this spatial gradient and found that the field topology is consistent with the predicted meridional flow. 
The initial results of Paper I were extended to include corrections to the simple picture of the Archimedean spiral interplanetary 
magnetic field (IMF), namely, the opening of the magnetic flux tubes in the equatorial plane in response to the equatorial divergence 
of the flow field (Nerney and Suess 1975b, hereafter Paper II). 
A further modification of the global solar wind models led to the inclusion of large-amplitude latitudinal gradients in the radial 
magnetic field, mass loss rate, and radial velocity (Nerney and Suess 1975c, hereafter Paper III). This clearly showed that even 
equatorial convergence can develop at large radii for a quite reasonable set of imposed latitudinally dependent boundary condi- 
tions. Pizzo (1982) has shown that the linear results of both Papers II and III are substantially correct for the nonlinear flows that he 
modeled numerically. Pizzo found, as we did, that the opening of the flux tubes transports mass magnetic flux to higher latitudes, 
while the radial and azimuthal velocities are slightly enhanced in the equatorial plane. The linear model overestimated these effects, 
since we ignored the dynamic relaxation of the driving forces. However, we did show that the linear effects in mass and magnetic flux 
redistribution grow logarithmically with heliocentric radius. 
It is our purpose in this paper to complete the linear model by showing how large-amplitude latitudinal variations affect the 
azimuthal magnetic field and azimuthal velocity by forcing more complicated meridional flows than were previously discussed. 
The work of Pizzo (1982) clearly shows that the most vigorous nonradial flows and transport effects between 1 and 10 AU are due 
to stream interactions, not to these relatively smooth, axisymmetric, internally generated flows. However, our results are analytic 
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and show explicitly how to treat the mathematics of the complicated interactions between outflow, rotation, and embedded 
magnetic fields. As such, they are a useful tutorial for studying internally generated flows and allow the development of an intuitive 
geometrical picture of these effects. These studies prepare the way for a more complete understanding of the fully nonlinear case. 
Finally, an analytic model of this latter type would allow the study of outflows from fast-rotating stars (Nerney 1980). 
In what follows we refer the reader to previous papers where we discuss in detail the iterative solution through the two 
singularities, the multiple expansion, nonseparability of the partial differential equations, and other interesting aspects that do not 
affect these asymptotic results. 
Following Yeh’s (1970) nondimensionalization, velocity, mass density, presssure, magnetic field intensity, and length are scaled by 
vc, po pc Vc9Hc, and GMq/v* , respectively. The subscripts indicate evaluation at the polar sonic critical point. G is the gravitational 
The first, AT, is an inverse Rossby number, while C1/2 is the ratio of the Alfvén speed to the sound speed (an inverse Alfvén Mach 
number). 
The polar critical radius is at rc = GM0/2Vc (Yeh 1970), and £ is a unit vector along the rotation axis. 
The nondimensional MHD equations (in emu, with the magnetic permeability set equal to unity) in the corotating frame of 
reference are 
where r is a unit vector in the radial direction and differential rotation is not included. 
The previous expansion of the nonlinear MHD equations was in powers of N, but this was extended by Suess and Nerney (1975) 
to include a multiple expansion by defining 
where A is any of the variables besides v# or . 
In Paper III we discussed the physical significance of the flows driven by e. The imbalance between the gas pressure and the 
magnetic pressure close to the Sun creates meridional flows that asymptotically decrease as 1/r. This flow pattern is not driven by 
solar rotation and is unimportant at large distances from the Sun. 
The basic equations which represent the flow to 0(1) have m = n = 0, and reduce to the following form: 
II. MATHEMATICAL ANALYSIS 









pv • 'Sv + 2Npü x » — \N2p\\ ÍI x r\2 — —\P+ C(\ x H) x H — pr/r2 , 
V•H = 0, 
\ x (v x H) = 0 , 
v • V(P/py) = 0 , 1 < y < f , 
(6) 
where 0O is the colatitude at which the gradient is a maximum and the subscripts are defined below. Considering e as a second small 
parameter in the problem, we use a double expansion : 
A= I I N2menAmn, m-0n=0 
V* = N Z z N2me\ m=0n=0 
H* = N £ X N2me"H<p 
m-0 n=0 
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The O(N) equations reduced to equations (11) and (12), which are the Weber and David (1967) solution extended to three 
dimensions through the inclusion of sin 6 and written in the corotating frame. This is 
v<t>,oo — 
(r2-rl) 
r l- M2a 
sin 6 , (11) 
(12) 
where Ml = p00 vl00/CHl00 is the radial Alfvén Mach number, and rA is the radius of the radial Alfvén critical point. 
The extension of the 0(1) equations to include latitudinally dependent boundary conditions creates a new dependence of the 0(N) 
azimuthal velocity on latitude. The solution is the same, but 
Ml- 
M2(d) 
*1 (O)poo(r, 0)C 
In the asymptotic limit equations (11) and (12) become 
sin 6 













where the rotational velocity of the corotating frame has been subtracted from rtM)n to display the explicit MHD effects. r(MK) and 
Il,¡,j)() have a sin 9 dependence which is modified by rA(0) and the complicated interplay between r¡(6), M(9), and rr Mor 
Equations (7)-(10) have been discussed in many papers and will not be treated here, except to say that they define what we mean 
by a latitude-dependent “ Parker ” wind. 
We now focus on the m = 1, rc = 0 solutions of the multiple expansion. The interested reader can find the details in Paper III and 
also in Suess and Nerney (1975) Essentially, the 10, í;0 10, 10 solutions are the largest internally generated terms driven by the 
Sun’s rotation for r P rA, and this is why they are of interest. 
The meridional momentum equation reduces to the following form : 
dr (
rve,io) + I — — _LAP 
CH^o d rj 
Po0r 00 









Poo Vr,00 r sin 6 d6 
(sin 6)Hr c 
ud>,00 
Vr,00_ — 2 




+ 2 cos 6 (14) 
This is equivalent to equation (20) in Paper I (eq. [13] in Paper III), where the forcing function, /, has been generalized to include 




should formally have been included in equation (13) of Paper III but is 0(r 3 In r) and does not contribute asymptotically. 







This generalized form for 10 allows a more complicated and interesting latitudinal dependence for A and . It was shown 
in Paper II that the transport of mass and magnetic flux to higher latitudes forces ^ to be positive (the opposite sign of H^ q), and 
this causes the plasma in the equatorial plane to spin up. This is simply a consequence of conserving angular momentum in particles 
and fields. There is less angular momentum in the magnetic field near 6 = njl, so that the particles must make up the difference. 
More complicated 0(1) variations in latitude can change the “simple” picture for x and ^ through more complicated 
meridional flow patterns. 
The derivation of the integral forms for the azimuthal quantities proceeds in a similar manner to that in Paper II. In particular, 
equations (2)-(4) therein remain the same, and 
1 
r Jr ^ oo 
y<M0 V, r,00 ^<p,10 + Hr,10V(l),00 ~ ^,10^0,00)] = 0, (16) 
,10 - Ctf^o)] + /* = 0 , 
but has a slightly different form than previously discussed. 
(17) 
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After some work, we show that 
I* = 2 ^(g + r) cos 6 + 4L2(0) ^ | (rH^, 
vlio£ 
r2 sin 6 




r 1 — MX 
and is defined in equation (13). 
Asymptotically, 00 oc 1/r, dg/d6-> 0, and g—► — r, so that 
j 
0 r sin 0 
Asymptotically, the azimuthal momentum equation may be integrated to the following form: 
Cr¡ TI i>¿jl0 In r , L4(0) 
M sin 0 r 
+ r ’ 
(19) 
(20) 
where L4(6) is determined by passing through the Alfvén radius and need not concern us for r > rA. 
The induction equation, equation (16), integrates to 
Hr,oo v<p,io ~~ vr,ooH<i>,io + ^.oo^r,ooCPio/Poo — 4L2(0)] = L5(6)/r , (21) 
which was equation (12) in Paper II. 
Asymptotically, 
zj „ ^r,00 PlO 
^0,10 vr,00 POO 
(22) 
With some results from Paper I, we can derive the asymptotic form for p10/Poo 
Using equations (18) and (19) of Paper I, together with the asymptotic form for X, which is defined as Hnl0/Hr 00, derived from 





- A(6) In r , 
A(Q) = 
1 (sin 0ve,io>1 
rj sin 6 d6\ vr 00 
H, 
rjA sin 0 In r 
0,10 7F7a ur,00' ,(oo, 0) 












Equations (25) and (26) are the asymptotic solutions for the corrections to the 0(1) azimuthal magnetic field and azimuthal 
velocity and represent a major result of this study. 
The sign of ^>10 is determined by the competition between these two terms. The first is proportional to and hence is positive 
definite, spinning up the plasma at all latitudes. It is derived from the ./„o #0,1 force and is due to the latitudinal gradient in 00. 
The second term is due to the 101;^ 00 electric field in the meridional direction, which is derived from the opening of flux tubes 
near the equatorial plane. This is zero at the zero of the second Legendre polynomial. The first term dominates for large values of 
CiV2, causing í;^>10 to be positive at all latitudes (asymptotically). Weaker meridional flows allow i;0 10 to be negative near the poles 
but positive near the equator. For this latter case, i;0> 10 follows the behavior of 10. 
III. AN ANALYTICAL EXAMPLE 
We will choose simple variations in the basic, 0(1), asymptotic wind variables. The example shows that the dominant effects occur 
near the equatorial plane, where flux tubes open in response to the diverging meridional flow, and plasma spins up to conserve 
angular momentum. 
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For the case of a high-speed stream originating from the solar poles together with lower speed flow at the equator, we can 
consider asymptotic 0(1) variables of the following form : 
*V,oo(°°> 0) = V(1 - Cv sin 6) , (27a) 
M(9) = M(1 + Cm sin 6), (27b) 
rj(e) = H(1 - Cn sin 0) ; (27c) 
is the asymptotic form of the 0(1) nondimensional radial velocity, and we use vri00(co, 0) = 5.3. The variables are scaled 
by their values at the sonic critical point, so that 
vr(co, 9 = 0) = vc vrr00(co, 0 = 0) = vcV . (28) 
LFsing vc = 126 km s“
1 (corresponding to rc = 6 r0 and y = 1.2) gives a radial velocity of ~670 km s
_1 at the poles, and choosing 
Cv = ^ gives half this velocity at the equator. 
M(6) is the nondimensional mass loss rate per steradian. Choosing M = ¿ reproduces the Yeh (1970) nondimensional scheme at 
the poles. We choose H = ^so that the 0(1) nondimensional radial magnetic field is unity at the polar critical point. 
These functions are plotted in Figure 1 for Cv = Cm — C^ — 0.5, 0.25, and 0.15. These particular forms were chosen to model a 
high-speed stream at the pole with the accompanying reduced mass loss rate and stronger magnetic field strength. 
Strictly speaking, these 0(1) latitudinal variations in the dependent variables correspond to a latitudinal variation in the input of 
momentum and energy and might equivalently be considered a variation of the polytropic index with latitude, y(0). This is of no 
consequence for these asymptotic results, since the pressure gradient drops out of the equations for r > rA. In this sense the formal 
solutions for 10, ^ 10, and 10 
are independent of the choice of energy equation, although strongly dependent on the energy 
and momentum input to the wind as they affect the 0(1) variations in vr, etc. (Suess and Nerney 1973). 
For the purposes of this study, we presume that these latitudinal variations are given and ask what is then implied for the 
meridional flow pattern, flux-tube opening (or closing), mass flux redistribution, and particle spin-up (or spin-down). 
Substituting equations (27a), (27b), and (27c) in equation (15) yields 
.Vr.ooíC», 0)_ 
If Cn = C„, so that t](d) = vr 00(6), we recover 
ue,io 
C 
M (Tr,00(°°> 0) 
sin 2.0 + ■ 
vr,00' i(oo, 6) 
sin 
89 
C sin 26 
which is identical with equation (15) in Paper III (we multiplied i;010 by the smallness parameter N
2 and the velocity at the critical 
point, vc, and set if = M = ¿ in Paper III). 
For these particular 0(1) variations, equation (29) reduces further to 





_n (Cp - Q sin 8 ' 
Lrr,oo 8K(1 - Cv sin 9)
2 
Equation (24) for A(6) reduces to 
Crj 
Mvf r,00 ti_ur, 00 
(2 cos2 6 — sin2 0)rj 
-si„9=os>{5c, + ,^_^ 
c„ - c„ 
4r(l — C„ sin 9)‘ [ 
-sin2 0 cos2 e(^ + ^-2vC 
cos 0 sin 20 + sin 0 cos 20 
2C„ 
]]' K2r} 4M vr 00 1 — Cv sin 6J 
Equations (30) and (31), when substituted in equations (25) and (26), give the solutions for 10 and 10 • 
(30) 
(31) 
IV. NUMERICAL RESULTS 
Figure 2 shows the results of the high-speed polar stream model in Figure 1, in which Cv was set equal to ^ and the radial velocity 
at the pole was set to 670 km s-1 (vr00 = 5.3) and half that at the equator. N
2 was set to 0.04, and C was chosen to be 14, since these 
are reasonable numbers which also reproduce ve = —2.5 sin 26 (km s
- :) for Cm = Cv = = 0. We then systematically varied M(6) 
and rj(0). In case 1 we used Cm = 0^ = 0, case 2 had Cm = Cn = 0.15, case 3 had Cm = Cn = 0.25, and case 4 had Cm = Cv = 0.5. The 
strongest effects are seen in the first case, where there are no latitudinal variations. We also studied the effects when Cm was set to 
zero with Cv = 0.05. Stepping through the same range of numbers produced similar curves somewhat reduced in value (about a 
20% reduction, at most). 
© American Astronomical Society • Provided by the NASA Astrophysics Data System 
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Fig. 1.—The asymptotic, nondimensional meridional variations for {a) vr = y(l — Cr sin 6) for Cv = 0.15, 0.25, 0.5; (b) the mass loss rate per steradian, 
M(9) = |(1 + Cm sin 9) for Cm = 0.15, 0.25, 0.5; and (c) the radial magnetic field [Hr 00 = rj(0)/r
2], ^ = ¿(1 — sin 9) for Cn = 0.15, 0.25, 0.5. Dimensional numbers 
are included for comparison. The right-hand ordinates for rj and M span a range of observed values for Hr 00 and particle flux at 1 AU, respectively. 
These solutions show that the dominant effects are near the equatorial plane. For these parameters, flux tubes open within about 
25° of the equatorial plane, and plasma spins up in this region by 1-3 km s- \ depending upon the latitudinal variations in the 0(1) 
mass loss rate and radial magnetic field intensity. 
Nearer the poles the high-speed stream “ opens ” the field lines, reducing the magnetic pressure variation in latitude, producing 
weak meridional flows together with small corrections to 10 and l0. 
The character of the solution for i^io changes as C is increased. Paper II presented the case for C = 100, but without latitudinal 
variations in 0(1) variables. Figure 3 therein shows that 10 is positive at all colatitudes, showing the dominance of the first term in 
equation (26). The meridional velocity scales as CN2, so that this part of the contribution to 10 scales as C
2N4 and is nearly 50 
times larger in the earlier study than in the study reported here. Meridional flows of that magnitude, 0(10 km -1), create a spin-up 
of the plasma at all colatitudes, so that 10 no longer follows the analytic behavior of 10. 
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COLATITUDE 
Fig. 2.—A high-speed stream study showing dimensional solutions for v0, as well as the corrections to and H^for N
2 = 0.04, C = 14, Hc = 0.1 gauss at 6 rQ, 
and vc = 126 km s
-1. The radial velocity is 670 km s-1 at the pole and half this at the equator. Case 1 has Cm = Cn = 0, case 2 has Cm = C = 0.15, case 3 has 
Cm = Cn = 0.25, case 4 has Cm = = 0.5, and all have Cv = 0.5.
n 
Figure 3 shows the results of a slow-speed wind study for the same set of parameters as those studied in Figure 2. The exception is 
that vr 00 was not allowed to vary in latitude but rather was set equal to 334 km s
-1, the value in the equatorial plane for the 
previous cases. Now the variations in latitude are strictly due to M(6) and rj(0). We used Cm = 0^ = 0 for case 5, Cm = = 0A5 for 
case 6, Cm = Cn = 0.25 for case 7, and Cm = Cn = 0.5 for case 8. Again, the dominant meridional flows were for case 5, i.e., no 
latitudinal variations. The effect of the variations in M(6) and r¡(9) is to move the region of minimum ve much closer to the poles than 
in the high-speed stream study. This, in turn, is reflected in the similar nature of the 10 and 10 profiles. As the latitudinal 
variations become larger in M(9) and rj(9), the region of flux-tube opening and plasma spin-up is moved closer to the poles, although 
the overall effects are diminished. 
It is possible to discuss qualitatively the case of a high-speed stream in the equatorial plane together with a vr 00 which decreases 
toward the poles. Such a case would be of interest for stellar wind modeling. We have not calculated this case, but the results seem 


















Fig. 3.—A slow-speed stream study for the same case studies as in Fig. 2, but with Cv = 0 and a radial velocity of 334 km s”
1 at all latitudes. Case 5 has 
Cm = Cn = 0, etc. 
clear. High-speed equatorial winds would open the field lines—alleviating the latitudinal gradient in H^j00 precisely where it 
produces the strongest effects. Low-speed polar winds would increase meridional flows near the poles where the least amount of 
solar rotational energy is pumped into the stellar wind. The overall consequences would be minimal. 
V. CONCLUSIONS 
We have completed a study of the MHD equations for internally generated, steady, axisymmetric flows. The results are generally 
applicable to stars when the MHD equations can be linearized and are not limited to thermally driven winds. As long as the wind is 
in the asymptotic state, r p rA, and dvr/dr « 0, the formal results are also correct for radiatively driven winds. They are of particular 
interest for the Sun because the most accurately measured component of the IMF is , which can be strongly modified by the 
internal MHD transport. 
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The results indicate that the usual equatorial divergence that builds up asymptotically from assumed spherically symmetric 
boundary conditions is modified as a result of large-amplitude latitudinal variations in the mass loss rate, radial velocity, and radial 
magnetic field at the base of the model. It is possible for an equatorial convergence to develop (Paper III); however, this was not the 
case for the models studied here. We found equatorial divergences limited to within approximately + 25° of the equatorial plane for 
quite reasonable variations in 0(1) parameters. The response of the wind to these meridional flows is to open flux tubes and, 
generally, to spin up the plasma near the equatorial plane. 
Analytical results were derived for the latitudinal variation in ve as well as the corrections to and . The results show that 
these variations depend critically on the value of C, a nondimensional number which measures the ratio of the strength of the j x H 
force to the advection term in the momentum equation (evaluated at the sonic critical point). As C becomes large (C > 100), ve 
becomes large and the plasma spins up at all latitudes. This is due to the opening of flux tubes, which requires spin-up of the plasma 
to maintain conservation of angular momentum in fields and plasma. 
These analytic results do not depend on the choice of an energy equation. At large distances, the pressure gradient decouples from 
the equations so that the polytropic assumption is not a severe limitation. Of course, the asymptotic values for the flow field depend 
sensitively on the energy and momentum input at all radii and latitudes, but these formal results are still correct. 
It is noted here that stellar wind models neglecting the inherent three-dimensional nature of the interaction between outflow, 
rotation, and magnetic fields may overlook important aspects of the wind structure. In fact, one cannot find an appropriate set of 
boundary conditions to minimize terms like ôve/ô6 when studying the interaction between rotation and the magnetic field. 
Consequences of the latitudinal gradients are of the same order of magnitude as the interactions which are to be studied (Suess and 
Nerney 1973). 
Solar-cycle effects can severely limit comparison of data with this model. For instance, Slavin, Smith, and Thomas (1984) found a 
general increase in the interplanetary magnetic field during 1976-1982 as Pioneer and Voyager spacecraft moved farther from the 
Sun. Without a correction for the time variation of the fields, the respective magnetic field radial gradients are underestimated. Since 
the opening of flux tubes in the outer solar system will lead to a drop-off in that is more pronounced than that predicted by the 
Parker model (r-1), one must be careful to separate temporal from spatial field gradients. Slavin, Smith, and Thomas (1984) find 
oc r/
112±0 06 for 1 AU < r < 12 AU, and this is consistent with our results for an approximate 10% correction in the Parker 
model (N2H(t>ti/H(f,t0 = 0.1). However, the analytic form for the correction is proportional to In r, which is an analytic form different 
from the usual power-law fit to the data. Because In r is a slowly varying function, this may not be a problem. We are, however, 
reminded of the study of Brandt, Harrington, and Roosen (1973), who used various power-law fits to the latitudinal variation in vd 
derived from aberration angles. The residuals were finally reduced when a sin 26 variation was suggested from theory. Perhaps 
similar progress would occur for radial gradient studies if the In r variation were included. 
A final note of caution is in order because the solar wind is not axisymmetric. The most vigorous rotational velocities develop 
from stream-stream interactions (Pizzo 1982), and these have been neglected in our study. However, we hope that this linear model 
will guide those who will attempt to model analytically the nonlinear MHD equations which describe internally generated flows. 
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